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Ž 2 .The signature of  eN , where e is square free, is completely determined if0
e 3 or N is odd or e, where  is the set of all square free integers e
such that
Ž .i if e is odd, then e admits no divisors of the form 8k 3,
Ž .ii if e is even, then e admits no divisors of the form 8k 7.
Ž Ž ..In particular,  number of elliptic classes of period 2 of  n is expressed as a2 0
linear combination of multiplicative functions.  2001 Academic Press
Key Words: congruence subgroups; signature.
1. INTRODUCTION
Ž . Ž .For each n, the group  n is the subgroup of PSL  generated by0 2
Ž . Ž . n and all the AtkinLehner involutions w of  n . The signature of0 g 0
Ž .   n is determined for square free n by Maclachlan Mac and Helling0
  Ž .H . In the case n is not square free, the signature of  n , except0
Ž Ž ..  Ž .  n and the genus of the compact Riemann surface   n , can2 0 0
 be determined easily by applying results of Akbas and Singerman AS . In
this article, we study  of2
 n .Ž .0
In particular, we shall express  as the linear combination of multiplica-2
tive functions. Since the Hurwitz formula gives a simple linear relation
 Ž .among the geometrical invariants, the genus of   n can be deter-0
mined subsequentially. Our main results can be found in Sections 810. As
the article is divided into quite a few sections, we shall give a brief
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explanation of our approach. Let n eN 2, where e is square free and let
1' 'e N 0 e N 0  2' ' e N , e N   eN .Ž .Ž .0 0ž / ž /0 1 0 1
We will first define a set
 1 ' ' ' ' ' e N    e N , e N  x : x  x   e N , e N ,Ž . Ž . Ž .Ž . ½ 5  0 j j j 0
where
  ' ' ' ' ' '  e , e ,  e , e  x  e N , e N .Ž . Ž . Ž .0 0 i 0
It is clear that
'Ž .  Ž . i  e N is independent of the choice of the coset representa-
tives.
' ' 'Ž .  Ž .  Ž . Ž .ii  e N measures how a conjugacy class Cl  of  e , e 0
 ' 'Ž .splits in  e N, e N .0
 ' 'Ž Ž ..As   e N, e N is the main object we have in mind, we shall assume2 0
that  is an elliptic element of even order. Since the possible periods of
 ' 'Ž .elliptic classes of finite periods of  e N, e N are 2, 3, 4, 6 and0
 ' 'Ž . e N, e N cannot possess elements of order 4 and 6 at the same time0
Ž    .Akbas and Singerman AS , Maclachlan Mac , the set of groups
 ' ' e N , e N : N 4Ž .0
can be decomposed into
 ' 'G  e N , e N :  G  G  0 ,Ž . Ž . 4Ž .0 4 6
 ' 'G  e N , e N :  G  1,  G  0 ,Ž . Ž . 4Ž .0 4 6
 ' 'G  e N , e N :  G  0,  G  1 .Ž . Ž . 4Ž .0 4 6
Let
 4  ,  , . . . , 1 2 s
be a complete set of representatives of elliptic classes of period 2 of
 ' ' ' 'Ž . Ž .M  e , e and let G  e N, e N . One can show easily that0 0
' ' ' 'Ž . Ž .LEMMA 4.4. Let Mw  e , e , G  e N, e N . Theng 0 0
m ri'Ž . Ž . Ž . Ž .  Ž . i if  M  M  0, then  G Ý Ý Ł  e p ,4 6 2 g  e  i1  ig
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Ž .ii if M admits an element  of order 4, then
m m
r 1 r 1i i' '2 G   e p  2  e p  2 	 ,Ž . Ž . Ž .Ý Ý Ł Ł2  i  i 4
i1 i1ge  g
Ž .iii if M admits an element u of order 6, then
m m
r 1 r 1i i' '3 G   e p  3  e p  3 	 ,Ž . Ž . Ž .Ý Ý Ł Ł2  i u i 6
i1 i1ge  g
where
Ž . i 	 	 1, 	  1 if and only if 2 n and all the prime diisors of n24 4
are of the form 4k 1,
Ž . ii 	 	 1 and 	  1 if and only if 3 n and all the prime diisors of6 6
n3 are of the form 3k 1.
r' Ž .   Formulas for  e p can be found in Section 8. As Maclachlan Mac
 ' 'Ž Ž ..has determined   e , e , where e is square free, it is very natural2 0
for us to build our formulas of  on his. We shall now state his results2
and give our concluding remarks afterwards.
Ž .THEOREM Maclachlan . Let
 ' ' ' ' e , e  w  e , eŽ . Ž .0 g  e g 0
' 'Ž .    Ž . and let  g    
 w  e , e be the number of elliptic classes2 g g 0
' 'Ž .of period 2 in w  e , e . Theng 0
 ' '  e , e   g ,Ž .Ž .Ž . Ý2 0 2
ge
Ž . Ž .'where  g is a function of h , the class number of   g .2 g
Ž .  As  g can be calculated explicitly by Maclachlan’s formula Mac , it2
will be very fruitful if one can develop some appropriate assumptions so
r'Ž .that under such assumptions the cardinality of  e p depends com-' 'Ž Ž ..pletely on p, e, and g  w  e , e rather than the matrix  . This isg 0
Ž .achieved in Proposition 9.8 see Subsection 8.3 for notation .
PROPOSITION 9.8. Let e be square free and let g be a diisor of e.
r' Ž . Suppose that  , 
 
 or  , 
 
 . Then  e p e en g o d d g 
r' Ž .  e p . Furthermore,

Ž .    i if g is of the form 2k, 4k 1, then  
  0,  
e en g o d d g
   ,g
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Ž .  ii if 2  e and g is of the form 8k 3, then  
  0,e en g
    
   ,o d d g g
Ž .   iii if e is odd and g is of the form 8k 7, then  
  e en g o d d
  
   2.g g
' 'Ž .Hence   w  e , e 
 contributesg g 0
r r' '    
  e p   
  e pŽ . Ž .o d d g  e en g g g1 2
 ' 'Ž .conjugacy classes of period 2 to  e N, e N , where   
0 g o d d g1
and   
 . Consequently, we are able to prove the followingg e en g2
which are the main results of this article.
m ri ' Ž . PROPOSITION 10.1. Let NŁ p . Then Ý  e N is gien byi1 i  
m m
r ri i' '     
  e p   
  e p .Ž . Ž .Ý Ł Ło d d g  i e en g  ig gž /1 2i1 i1ge
m ri'Ž Ž .  Ž . .In particular, if N is odd, then Ý  g Ł  e p .g  e 2 i1  ig1
THEOREM 10.2. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
  ' ' ' ' ' 'Ž Ž .. Ž Ž .. Ž Ž ..  e , e   e , e  0, then   e N, e N   .4 0 0 0 2 0
THEOREM 10.3. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
 ' ' ' 'Ž Ž .. Ž Ž ..  e , e  1, then   e N, e N is gien by4 0 2 0
m m
r 1 r 1i i' ' g  e p  2  e p  2 	 ,Ž . Ž . Ž .Ý Ł Ł2  i  i 4g 1
i1 i1ge
where 	 	 1 and 	  1 if and only if 2 n and all the prime diisors of n24 4
are of the form 4k 1.
THEOREM 10.4. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
 ' 'Ž Ž ..  e , e  1, then6 0
m
 1 r 1i' ' '  e N , e N   3  e p  3 	 ,Ž . Ž .Ž . Ł2 0  i 63
i1
where 	 	 1 and 	  1 if and only if 3 n and all the prime diisors of n36 6
are of the form 3k 1.
   As  
 and  
 are completely determined in terms ofe en g o d d g
Ž . if e Proposition 9.8 , where  is the set of all square free integersg
e such that
Ž .i if e is odd, then e admits no divisors of the form 8k 3,
Ž .ii if e is even, then e admits no divisors of the form 8k 7,
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we have:
MAIN THEOREM. Let n eN 2, where N is odd or e. Then
  ' '  n   e N , e NŽ .Ž . Ž .Ž .2 0 2 0
is known.
r'Ž .    Ž . Note that  g of the above theorems is given in Mac and  e p2  g
is given in Section 8. Compared with what Maclachlan has accomplished,
     which involves results of Helling H , Millington Mil , Siegel Sie1, Sie2 ,
 Singerman Sin , and many others, our work is quite elementary. However,
Ž .this is rather natural as the determination of the signature of  n ,0
where n is square free, is the integral part of the problem and the rest
Ž .which relies on the integral part should be straightforward. The rest of
this article is organized as follows. In Sections 2 and 3, we determine  ,3
Ž . ,  , and  of  n . In Section 4, we give some general study of  .4 6  0 2
Sections 57 give the technical lemmas that are necessary in the determi-
nation of  . The main results are stated and proved in Sections 810. The2
Ž 2 .signature of  eN , where e 1, 2, 3, 5 can be found in Section 11.0
Ž Ž 2 ..As   eN , where N is odd or e can be determined by the2 0
Ž Ž 2 ..main theorem, we are currently investigating   eN , where 2  N2 0
and e. The main difficulty of our search is the indeterminable of
    Ž .A  
 and B  
 see Proposition 10.1 . Note thato d d g e en g
Ž .A and B are known Proposition 9.8 unless
Ž .i e is odd and g is of the form 8k 3,
Ž .ii e is even and g is of the form 8k 7.
Ž .We conjecture see Section 12 that if 3  e, then
A B 2.g
Lemmas labeled as A.x, B.x, and C.x can be found in the Appendixes.
2. PARABOLIC ELEMENTS
Ž . Ž .Let G be a subgroup of PSL  . Denote by  G the number of2 
parabolic classes of G. Then
Ž . Ž Ž .. Ž Ž .. di   n   n 2 , if 4 is not an exact divisor of n, 0  0
Ž . Ž Ž .. Ž Ž .. 2dii   n   n4 2 , if 4 is an exact divisor of n, 0  0
where d is the number of prime divisors of n.
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Proof. Suppose that 4 is not an exact divisor of n. It follows easily that
1h 0 h 0 nŽ .0 ž /ž / 0 10 1
Ž 2 .is the normalizer of  nh , where h is the largest divisor of 24 such that0
 h  n. Applying the results of Akbas and Singerman AS ,
  n  2d  n .Ž . Ž .Ž . Ž . 0  0
Suppose that 4 is an exact divisor of n. It follows that
18h 0 8h 0 nŽ .0 ž /ž / 0 10 1
Ž 6 2 .is the normalizer of  2 h n , where h is the largest divisor of 3 such that0
 h  n. Applying the results of Akbas and Singerman AS ,
  n  22d  n4 .Ž . Ž .Ž . Ž . 0  0
3.  ,  AND 3 4 6
Ž . Ž .Let G be a subgroup of PSL  and let Cl g be a conjugacy class of2 G
G. If
Ž . Ž .i o g  t,
Ž . ² :ii g is a maximal cyclic subgroup of G,
Ž .then Cl g is called an elliptic class of period t of G. An element inG
Ž . Ž . Ž .Cl g is called an elliptic element of period order t. Denote by  GG t
the number of elliptic classes of period t in G. Then
Ž . Ž Ž .. Ž Ž .. i   n 	 1 for all n and   n  1, if and only if 2 n4 0 4 0
and all the prime divisors of n2 are congruent to 1 modulo 4,
Ž . Ž Ž .. Ž Ž .. ii   n 	 1 for all n and   n  1, if and only if 3 n6 0 6 0
and all the prime divisors of n3 are congruent to 1 modulo 3,
Ž . Ž Ž .. Ž Ž ..iii   n 	 1 for all n and   n  1, if and only if all the3 0 3 0
prime divisors of n are congruent to 1 modulo 3.
Proof. Applying the proof of Section 2, we have
Ž . Ž .a if 4 is not an exact divisor of n, then  n is conjugate to the0
Ž 2 .normalizer of  nh , where h is the largest divisor of 24 such that h  n,0
Ž . Ž .b if 4 is an exact divisor of n, then  n is conjugate to the0
Ž 6 2 .normalizer of  2 nh , where h is the largest divisor of 3 such that h  n.0
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Our assertion now follows by applying Theorem 2 of Akbas and Singer-
 man AS .
4.  2
Ž .Let M be a maximal discrete subgroup of PSL  commensurable with2
 ' 'Ž .   Ž .PSL  . By results of Helling H , M is a conjugate of  e , e , where2 0
e is square free. The main purpose of this section is to give formulas of
 ' 'Ž . Ž . G , where G	  e , e . Throughout the section,2 0
 ' 'M  e , e .Ž .0
Note that the possible periods of elliptic classes of such groups are 2, 3, 4,
Ž . Ž . Ž .and 6 and that  M 	 1,  M 	 1 see Section 3 .4 6
DEFINITION. Let  be an elliptic element of M and let G be a
subgroup of M. Suppose that Mn x G. We define the following:i1 i
Ž . Ž .  1 4i  G  x : x  x G , i i i
Ž . Ž . Ž . Ž . 2ii if o   4, for each x  G   G , define E  x   x i
Ž . Ž . 1 2 1 2 42 G   G : x  x and x  x are conjugate to each other in G ,  i i
Ž . Ž . Ž . Ž . 3iii if o   6, for each x  G   G , define F  x   x i
Ž . Ž . 1 3 1 3 43 G   G : x  x and x  x are conjugate to each other in G .  i i
Ž . 1 2 Ž . Ž .2Remark. Note that if o   4, then x  x, x  G   G , is 
Ž  .an elliptic element of period 2 of G see Sh, 1.15 and 1.16 . Similarly, if
Ž . 1 3 Ž . Ž .3o   6, then x  x, x  G   G , is an elliptic element of 
period 2 of G. For readers’ convenience, proof of the above statements is
Ž .included see Appendix C .
LEMMA 4.1. Let  be an elliptic element of Mn x G. Theni1 i
Ž . Ž . 1 1i for any x, y  G , x  x and y  y are not conjugate to each
other in G if and only if x y,
Ž . Ž .   Ž .ii if o   4, then E  2 for eery x  G ,x 
Ž . Ž .   Ž .iii if o   6, then F  3 for eery x  G .x 
Ž . Ž . 1 1Proof. i Suppose that o   6 and that   x  x ,   x  x 1 1 1 2 2 2
G are conjugate to each other in G. It follows that there exists some
zG such that z z1   . This implies that x zx1 commutes with  .1 2 2 1
Ž  . 1By a standard result of discrete groups see Sh, 1.15 and 1.16 , x zx 2 1
 k for some k. Hence z x1 k x  x1 x x1 k x . Since z, x1 k x G,2 1 2 1 1 1 1 1
we conclude that x1 x G. This implies that x  x . The rest follows2 1 1 2
similarly.
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Ž . Ž . Ž .2iia For each x  G   G , there exists a unique x such  j
that  xG x G. This implies that x   xz for some zG. Conse-j j
quently,
Ž . 1 2i x  x G,j j
Ž . 1 Ž Ž . 1 .ii x  x G x  G , x  xG ,j j 
Ž . 1 2 1 2iii x  x and x  x are conjugate to each other in G.j j
This implies that x  E . Sincej x
Ž . Ž 1 . 1 1 1i x x x  x x  x z G,j j
Ž . 1ii x  xG,
 we conclude that x  x. Hence E  2.j x
Ž .  4 1 2iib Suppose that x  E  x . It follows that x  x j x
z1 x1 2 x z for some z in G. Hence x zx1 commutes with  2. Conse-j j j
1 k Ž  .quently, x zx   , 0	 k	 3 see Sh, 1.15 and 1.16 . This givesj
z x1 k x x1 x x1 k x G.Ž .Ž .j j
Since
x1 xG , x1 2 xG ,j
k cannot be 0 or 2. It follows that x G x zG  k xG, k 1 or 3. Sincej j
x1 2 xG, we have
x G  k xG  xG.j
It is clear that the choice for such x is unique. As a consequence,j
  Ž . Ž .E 	 2. This completes the proof of ii . Part iii can be proved similarly.x
LEMMA 4.2. Let  ,  , u be elliptic elements of order 2, 4, and 6 of M,
respectiely. Let X and Y be subgroups of M. Suppose that
Ž . ma M x Y, x  X,i1 i i
Ž . nb M y X, y  Y,i1 j j
Ž . Ž .c M x y X
 Y .i j
Then
Ž .  Ž .   Ž .   Ž . i  X
 Y   X  Y ,  
Ž .  Ž .   Ž .   Ž . ii  X
 Y   X  Y ,  
Ž .  Ž .   Ž .   Ž . 2 2 2iii  X
 Y   X  Y ,  
Ž .  Ž .   Ž .   Ž . iv  X
 Y   X  Y ,u u u
Ž .  Ž .   Ž .   Ž . 3 3 3v  X
 Y   X  Y .u u u
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Ž .  Ž .   Ž .   Ž . 2 2Proof. iii Since  X
 Y ,  X , and  Y are independent  
of the choice of the coset representatives, we may assume that sets of coset
representatives of MX, MY and MX
 Y are given as in the lemma.
Suppose that y1 x1 2 x y  X
 Y. Since y  Y, x1 2 x  Y. Hencej i i j j i i
Ž .2x   Y . It follows that the number of choices of x such thati  i
1 1 2  Ž . 2y x  x y  X
 Y is at most  Y . Since the choices of y suchj i i j  j
that y1 x1 2 x y  X
 Y arej i i j
1 2 2 G   G ,Ž . Ž .x  x i i
we conclude that
2 2 2 X
 Y 	  X  Y ,Ž . Ž . Ž .  
Ž . 1 22Conversely, for each x   Y , x  x  Y. It is clear that the choicesi  i i
1 1 2  Ž .   Ž . 1 2 2of y such that y x  x y  X are  G   G . As a con-j j i i j x  x i i
sequence, for such choices of y ,j
Ž . 1 2i x  x  Y, y  Y,i i i
Ž . 1 1 2ii y x  x y  X.j i i j
This implies that y1 x1 2 x y  X
 Y. As a consequence,j i i j
2 2 2 X
 Y   X  Y .Ž . Ž . Ž .  
Ž .This completes the proof of iii . The rest can be proved similarly.
 ' 'Ž . Ž .4.1.  G Where G is a Subgroup of  e , e2 0
Let
 4  ,  , . . . , 1 2 s
be a complete set of representatives of the elliptic classes of period 2 of M.
Applying Lemma 4.1, we have
 ' 'Ž .LEMMA 4.3. Let M  e , e and let G be a subgroup of M. Then0
Ž . Ž . Ž . Ž .  Ž . i if  M  M  0, then  G Ý  G ,4 6 2  
Ž .ii if M admits an element  of order 4, then
2 G   G   G   G 2,Ž . Ž . Ž . Ž .Ž .Ý2   

Ž .iii if M admits an element u of order 6, then
3 G   G   G   G 3.Ž . Ž . Ž . Ž .Ž .Ý2  u u

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Ž . Ž . Ž .Proof. i Since  M  M  0,  is an elliptic element of order 24 6
1 Ž Ž . . Ž .if and only if  is of the form  x  x x  G ,   . Applying ii  ii
Ž .  Ž . of Lemma 4.1,  G Ý  G .2  
Ž . Ž . Ž .ii Since M admits an element  of order 4,  M  1,  M  04 6
Ž .see Section 3 . This implies that an element of order 2 is conjugate to
2 ² : 1either  for some i or  . Since  is maximal cyclic in M,  x  xi i i
Ž Ž . .x  G ,   is an elliptic element of G. Applying Lemma C.1, ii1 2 Ž Ž . Ž ..2x  x x  G   G is an elliptic element of order 2 of G. 
Ž . Ž .Applying i and ii of Lemma 4.1, we have
2 G   G   G   G 2.Ž . Ž . Ž . Ž .Ž .Ý2   

Ž .iii This follows similarly.
 ' 'Ž . Ž .4.2.  G , Where G Is the Subgroup  e N, e N2 0
m ri ' 'Ž .Let NŁ p ,  
 w  e , e . Applying Lemma A.3 andi1 i g g 0
Lemma 4.2,
m
ri' G   e pŽ . Ž .Ł  i
i1
 2 34for   , u . It follows that
m
ri' G   e p ,Ž . Ž .Ý Ý Ý Ł  i
i1 ge  g
m m
r ri i' '2 2 3 3 G   e p ,  G   e p .Ž . Ž .Ž . Ž .Ł Ł  i u u i
i1 i1
Applying results in Section 3,
 G  	 ,  G  	 ,Ž . Ž . 4 u 6
where
Ž . i 	 	 1, 	  1 if and only if 2 n and all the prime divisors of4 4
n2 are of the form 4k 1.
Ž . ii 	 	 1 and 	  1 if and only if 3 n and all the prime divisors of6 6
n3 are of the form 3k 1.
The following lemma is clear.
' ' ' 'Ž . Ž .LEMMA 4.4. Let Mw  e , e , G  e N, e N . Theng 0 0
m ri'Ž . Ž . Ž . Ž .  Ž . i if  M  M  0, then  G Ý Ý Ł  e p ,4 6 2 g  e  i1  ig
Ž .ii if M admits an element  of order 4, then
m m
r 1 r 1i i' '2 G   e p  2  e p  2 	 ,Ž . Ž . Ž .Ý Ý Ł Ł2  i  i 4
i1 i1ge  g
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Ž .iii if M admits an element u of order 6, then
m m
r 1 r 1i i' '3 G   e p  3  e p  3 	 .Ž . Ž . Ž .Ý Ý Ł Ł2  i u i 6
i1 i1ge  g
 ' ' ' 'Ž . Ž .5. COSET REPRESENTATIVES OF  e , e  e N, e N0 0
The aim of this section is to give a coset representatives of
 r r' ' ' ' e , e   e p , e p , w : g  e¦ ;Ž . Ž .0 0 g
r' Ž .  Ž .that enables us to determine  e p Lemma 7.2 . Proof of Lemma 5.1
can be found in Appendix A.
LEMMA 5.1. Suppose that p is not a prime diisor of e. Then a complete
set of coset representaties of
 r r' ' ' ' e , e   e p , e p , w : g  e¦ ;Ž . Ž .0 0 g
is gien by
'' sp e spne 11 n e
 U  , V  ,m n sn½ 5ž / ž /' 'm e mne 1 1 n e
where 0	m, n	 pr 1, 0	 s	 pr1 1.
LEMMA 5.2. Suppose that p is a prime diisor of e. Then a complete set of
  r r' ' ' 'Ž . Ž .coset representaties of  e , e  e p , e p is gien by0 0
'1 n e
 U  ,m n½ 5ž /'m e mne 1
where 0	m, n	 pr 1.
 ' 'Ž .6. CONJUGATION OF INVOLUTIONS OF  e , e0
 ' 'Ž . Ž .An element of order 2 involution of  e , e is of the form0
'' 'a g b e  g
 ,'ž /' 'c e  g a g
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 r r' 'Ž .where g is an exact divisor of e. Elements of  e p , e p are of the0
form
r' ' 'a u b e p  u
,
rž /' ' 'c e p  u d u
where u is an exact divisor of ep2 r. Direct calculation shows that U1Um n m n
and V1V are given bysn sn
2 2 ' n e c 2 amgm eb  2 ang 2mneb b eŽ .1 Ž .
,
2 2g' ž /'c 2 amgm be e en c 2 amgm be mbe agŽ . Ž .
2 2 2 ' n e cs p e 2 aspg b  2 ang c 2 spnec eŽ .1 Ž .
.
2 2 2 2g' ž /'cs p e 2 aspg b e ne cs p e 2 aspg b  spce agŽ . Ž .
1  r r' 'Ž .Hence U U   e p , e p if and only ifm n m n 0
Ž . 2 ri c 2 amgm be and 2 ang 2mneb b are multiples of p ,
or
1 2 rŽ . Ž Ž . .ii en c 2 amgm be mbe ag is a multiple of p .g
1  r r' 'Ž .Similarly, V V   e p , e p if and only ifsn sn 0
Ž . 2 2 ri cs p e 2 aspg b and 2 ang c 2 spnec are multiples of p ,
or
1 2 2 rŽ . Ž Ž . .ii ne cs p e 2 aspg b  spce ag is a multiple of p .g
7. TECHNICAL LEMMAS
The purpose of this section is to give a complete description of the sets
r r' 'Ž . Ž . Ž . e p see Lemma 7.1 for definition and  e p so that one can 
determine their cardinality by solving some quadratic congruence equa-
tions in the next section.
 ' ' 'Ž Ž . Ž .Notation.   e N, e N   e N . 0 
Ž .Suppose that gcd e, p  1. As coset representatives of
  r r' ' ' ' e , e  e p , e pŽ . Ž .0 0
are not so easy to describe, we find the following lemma quite useful in the
 determination of  .
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Ž .LEMMA 7.1. Let e be square free. Suppose that gcd e, p  1. Let
 r r' ' ' ' e , e  y  e p , e p , w : g  e¦ ;Ž . Ž .0 i 0 g
r 1  r r' ' 'Ž .  Ž .4and let  e p  y : y   , y  y   e p , e p . Then j i j j 0
r r' ' Ž .   Ž .  e p   e p 2. 
r' Ž . Proof. Note first that  is defined in Lemma 5.1. Since  e p and
r' Ž .  e p are independent of the choice of the coset representatives, we
 ' ' 4 Ž .may assume that x , x , . . . , x is a coset representative of  e , e 1 2 m 0
 r r' 'Ž . e p , e p and that0
 4  4x , x , . . . , x  x T , x T , . . . , x T1 2 m 1 2 m
 r r' ' ' 'Ž . ² Ž . :is a coset representative of  e , e   e p , e p , w : g  e , where0 0 g
0 1T .ž /1 0
 r r' 'Ž .As T  e p , e p , it is clear that0
1  r r' 'x  x   e p , e pŽ .i i 0
if and only if
1  r r' 'x T  x T   e p , e p .Ž . Ž . Ž .i i 0
It follows that
r r' ' e p   e p 2.Ž . Ž . 
DEFINITION. Suppose that e is square free. Let
'' 'a g b e  g
 ,'ž /' 'c e  g a g
Ž .where g is an exact divisor of e. Let  be given as above Lemma 5.1 . We
define the following:
1 2Ž .  Ž Ž . .i U  U  : en c 2 amgm be mbe ag is aŽ1.1. m n g
r4multiple of p .
Ž .  2ii U  U  : c 2 amgm be and 2 ang 2mneb bŽ1.2. m n
r4are multiples of p .
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1 2 2Ž .  Ž Ž . .iii V  V  : ne cs p e 2 aspg b  spce ag is aŽ1.1. sn g
r4multiple of p .
Ž .  2 2iv V  V  : cs p e 2 aspg b and 2 ang c 2 spnecŽ1.2. sn
r4are multiples of p .
Ž .LEMMA 7.2. Let e be square free and let p be a prime. If gcd e, p 
1, then
r'2  e p  U  U  V  V .Ž . Ž1 .1. Ž1 .2. Ž1 .1. Ž1 .2.
In the case p is a diisor of e,
r' e p  U  U .Ž . Ž1 .1. Ž1 .2.
r'Ž . Ž .Proof. Suppose that gcd e, p  1. Since  e p U U  Ž1.1. Ž1.2.
V  V , by Lemma 7.1, we haveŽ1.1. Ž1.2.
r'2  e p  U  U  V  V .Ž . Ž1 .1. Ž1 .2. Ž1 .1. Ž1 .2.
r'Ž .In the case p is a divisor of e, by Lemma 5.2,  e p U U . As Ž1.1. Ž1.2.
a consequence,
r' e p  U  U .Ž . Ž1 .1. Ž1 .2.
 r r' 'Ž Ž ..8. THE CARDINALITY OF   e p , e p , I 0
Throughout the section, e is square free, g  e, and  is theg
involution
'' 'a g b e  g ' '   w  e , e .Ž .g g 0'ž /' 'c e  g a g
 The main purpose of this section is to determine  . There are 6 cases to g
consider:
Ž . Ž .i p is odd, gcd p, e  1,
Ž . Ž . Ž .ii p is odd, gcd p, e  p, gcd p, g  1,
Ž . Ž . Ž .iii p is odd, gcd p, e  p, gcd p, g  p,
Ž . Ž . Ž .iv p 2, gcd 2, e  2, gcd 2, g  1,
Ž . Ž . Ž .v p 2, gcd 2, e  2, gcd 2, g  2,
Ž .vi p 2, e is odd.
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8.1. In This Subsection, p Is Odd
Ž .LEMMA 8.1. Let p be an odd prime such that gcd e, p  1. Then
g g
r r r1 r1'2  e p  p  1 p  1  p .Ž . g ž / ž /ž / ž /p p
r' Ž .         Proof. By Lemma 7.2, 2  e p  U U V V . Ž1.1. Ž1.2. Ž1.1. Ž1.2.
Ž .Applying Lemma B.3, we may assume that gcd be, p  1.
Ž . Ž . 2a U -case. Since gcd be, p  1, c  2 agx  x be Ž1.2.
Ž .1ŽŽ .2 . Ž r . be bex ag  g  0 mod p has
g
1 ž /p
Ž .rsolutions in  . For each solution of the above if it exists , by Lemmap
Ž .rB.1, there exists a unique n  such that n 2 ag 2mbe  b is ap
multiple of pr. Hence
g
U  1 .Ž1.2. ž /p
1 2Ž . Ž Ž . .b U -case. Note first that en c 2 amgm be mbe agŽ1.1. g
r Ž 2 . Ž Ž .is a multiple of p only if gcd p, c 2 amgm be  1 study 1, 2 and
Ž . 1 .  r Ž 22, 2 entries of U  U . Let Y x : 0	 x	 p  1, gcd p, bex m n g m n
. 42 agx c  1 . It follows that
g
r r1 Y  p  1 p .ž /ž /p
1 Ž ŽrSince for each m Y, there exists a unique n  such that en cp g
2 . . r2 amgm be mbe ag is a multiple of p ,
g
r r1U  p  1 p .Ž1.1. ž /ž /p
Ž . Ž . Ž Ž 2 2 ..c V -case. Since gcd be, p  1, gcd p, e cs p  2 aspg bŽ1.1.
 1. Hence for each s  r1 , there exists a unique n  r , such thatp p
1 2 2 rŽ Ž . .ne cs p  2 aspg b  spce ag is a multiple of p . Henceg
r1V  p .Ž1.1.
Ž . Ž . Ž 2 2 .d V -case. Since gcd be, p  1, gcd p, cs p  2 aspg b  1.Ž1.2.
Hence
V  0.Ž1.2.
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In summary,
g g
r r r1 r1'2  e p  p  1 p  1  p .Ž . g ž / ž /ž / ž /p p
Ž .LEMMA 8.2. Let p be an odd prime such that gcd e, p  p. Then
r'Ž . Ž .  Ž . i if gcd p, g  1, then  e p  1, g
r r'Ž . Ž .  Ž . ii if gcd p, g  p, then  e p  p . g
r' Ž .     Proof. By Lemma 7.2,  e p  U U . Ž1.1. Ž1.2.g
Ž . Ž .i By Lemma B.3, we may assume that gcd b, p  1. Since
Ž . Ž .a gcd p, g  1,
Ž . 2b a g bceg 1,
Ž .we conclude that gcd p, a  1.
Ž . Ž .Since p is a divisor of e and gcd ag, p  1, en 2 ang 2mnbe b 
mbe ag is not a multiple of pr. Hence
U  0.Ž1.1.
Ž .Since p is a divisor of e and gcd 2 ag, p  1, there exists a unique
2 r Žrm  such that c 2 amgm be is a multiple of p . Since gcd 2 agp
. Ž . r2mbe, p  1 Lemma B.1 , there exists a unique n  such thatp
2 ang 2mnbe b is a multiple of pr. Hence
U  1.Ž1.2.
Ž .This completes the proof of i .
Ž . Ž . Žii By Lemma B.4, we may assume that gcd c, p  1. Since gcd c,
. Ž . Ž 2 .p  1, gcd g, p  p, we have gcd p, c 2 amgm be  1. Hence
U  0.Ž1.2.
Ž 2 . rAs gcd p, c 2 amgm be  1, for each m  , there exists a uniquep
1 2Ž Ž . .rn  such that en c 2 amgm be mbe ag is a multiple ofp g
pr. Hence
rU  p .Ž1.1.
Ž .This completes the proof of ii .
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8.2. In This Subsection p 2
Let
'' 'a g b e  g ' '   w  e , eŽ .g g 0'ž /' 'c e  g a g
be an elliptic element of order 2. By Lemma B.5, we may assume that
either
Ž .i b is odd, or
Ž . ii b and c are even and 2 b.
LEMMA 8.3. Suppose that e is odd.
'' 'a g b e  g
  .g 'ž /' 'e e  g a g
r r1' Ž .  Ž .If b is odd, then  e 2  2 r 1 . g
Proof. Note first that p 2. Similar to Lemma 8.1, we have
Ž .   r1 2 Ž 2 .i U  2 . As c 2 amgm be and en c 2 amgm ebŽ1.1.
Ž Ž . Ž .mbe ag cannot be even at the same time study 1, 2 and 2, 2 entries
11 2. Ž Ž . .of U  U , en c 2 amgm eb mbe ag is even only if cm n g m n g
2 amgm2 be is odd. Since be is odd, there are exactly 2 r1 elements in
 r such that c 2 amgm2 be is odd. For each such m, there is a2
1 2Ž Ž . .runique n  such that en c 2 amgm eb mbe ag is a mul-2 g
r   r1tiple of 2 . Hence U  2 .Ž1.1.
Ž .   r1 2 2ii V  2 . Since be is odd, cs p  2 aspg b is odd. As aŽ1.1.
consequence, for each s  r1 , there is a unique n  r such that2 2
1 2 2 rŽ Ž . .  ne cs p  2 aspg b  spce ag is a multiple of 2 . Hence V Ž1.1.g
2 r1.
Ž .  iii U  0. Since b is odd, 2 ang 2mneb b is odd. HenceŽ1.2.
 U  0.Ž1.2.
Ž .   2 2iv V  0. Since b is odd, cs p e 2 aspg b is odd. HenceŽ1.2.
 V  0.Ž1.2.
This completes the proof of the lemma.
LEMMA 8.4. Suppose that e is odd.
'' 'a g b e  g
  .g 'ž /' 'c e  g a g
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If both b and c are een and 2 is an exact diisor of b, then
'Ž .  Ž . i  2 e  3. g
In the case r 2,
r'Ž .   Ž . ii if 2 c, then  2 e  0, g
r'Ž .  Ž . iii if 4  c, then  2 e  4. g
Proof. Note first that p 2. Since both b and c are even and ag is
Ž 2 .odd a g bceg 1 ,
U  V  0.Ž1.1. Ž1 .1.
Ž .i Direct calculation shows that
V  2, U  4.Ž1.2. Ž1 .2.
' Ž . Hence  2 e  3. g
Ž . 2 2ii Since 2 is an exact divisor of b, cs p  2 aspg b is not a
multiple of 4. Hence
V  0.Ž1.2.
Let x be an even integer. There exists a unique y  r such that 2 y  x2
Ž r .mod 2 . By an abuse of notation, we write
y x2.
 Since 2 be, 2 c and ag is odd,
be2 x 2 agx c2  x 2 x 1  0 mod 2Ž . Ž .
has no solution. As a consequence, there is no m  such that bem2
r Ž .  2 agm c is a multiple of 2 r 2 . Hence U  0. It follows thatŽ1.2.
r' 2 e  0.Ž . g
Ž . Ž .    iii Similar to ii , V  0. Furthermore, since 2 bc, 4 c and ag isŽ1.2.
odd,
be2 x 2 agx c2  0 mod 2 r1Ž . Ž .
has two solutions in  r1. As a consequence,2
bex2 2 agx c  0 mod 2 rŽ .
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has 4 solutions in  r. Let m be a solution of the above; there exists2
exactly 2 n   r such that 2 an g 2mn eb b is a multiple of 2 r.i 2 i i
Hence
U  4.2 8.Ž1.2.
r' Ž . In summary,  2 e  4. g
COROLLARY. Let e and  be gien as in Lemma 8.4. Theng
r'Ž . Ž .  Ž . i if g  1, 3, or 5 mod 8 , then  2 e  0, g
r'Ž . Ž .  Ž . ii if g  7 mod 8 , then  2 e  4. g
Ž . Ž . 2Proof. i Since g  1, 3 or 5 mod 8 and a g bceg 1, we
r'    Ž . conclude that 4 bc. It follows that 2 b and 2 c. Hence  2 e  0. g
Ž . Ž . 2ii Since g  7 mod 8 and a g bceg 1, we conclude that
r'  Ž . 8  bc. It follows that 2 b and 4  c. Hence  2 e  4. g
LEMMA 8.5. Suppose that e is een,
'' 'a g b e  g
  .g 'ž /' 'c e  g a g
Let g be an odd diisor of e. Then the following holds.
r'Ž .  Ž . i If b is odd, then  2 e  0. g
r'Ž .   Ž . ii If both b and c are een and 2 b, then  2 e  4. g
r' Ž .   Proof. Note first that p 2. By Lemma 7.2,  2 e  U Ž1.1.g
 U .Ž1.2.
Ž . Ž .i gcd b, 2  1. Since
Ž . Ž .a gcd 2, g  1, e is even,
Ž . 2b a g bceg 1,
Ž .we conclude that gcd 2, ag  1. Since agb is odd and e is even, both
Ž 2 .2 ang 2mneb b and en c 2 amg m be  mbe ag are odd.
Hence
U  U  0.Ž1.1. Ž1 .2.
r' Ž . This gives  2 e  0. g
Ž . Ž 2 .ii Since both b and c are even, ag is odd a g bceg 1 .
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Hence
en c 2 amgm2 be mbe agŽ .
 is odd. This implies that U  0.Ž1.1.
 Since 4 be, 2 c and ag is odd,
be2 x 2 agx c2  0 mod 2 r1Ž . Ž .
has a unique solution in  r1. As a consequence,2
bex2 2 agx c  0 mod 2 rŽ .
has 2 solutions in  r. Let m be a solution of the above; there exists2
exactly 2 n   r such that 2 an g 2mn eb b is a multiple of 2 r.i 2 i i
Hence
U  2.2 4.Ž1.2.
r' Ž . In summary,  2 e  4. g
LEMMA 8.6. Suppose that e is een. Let g be an een diisor of e. Then
r r' Ž .  2 e  2 . g
r' Ž .    Proof. By Lemma 7.2,  2 e  U U . Since g is even and Ž1.1. Ž1.2.g
a2 g bceg 1, bc is odd. It follows that c 2 amgm2 be is odd.
Hence
U  0.Ž1.2.
Ž 2 . rSince e c 2 amgm be g is odd, for each m  , there exists ap
1 2Ž Ž . .runique n  such that en c 2 amgm be mbe ag is a mul-p g
tiple of 2 r. Hence
rU  2 .Ž1.1.
 r r' 'Ž Ž ..8.3. The Cardinality of   e p , e p 0
Let
'' 'a g b e  g
  .g 'ž /' 'c e  g a g
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By Lemma B.5, we may assume that either
Ž . i both b and c are even and 2 b, or
Ž .ii b is odd.
Ž .Since involutions satisfying i of the above do not conjugate to involutions
 ' 'Ž . Ž .satisfying ii of the above,  e , e admits a set of representatives  of0
elliptic classes of period 2 such that
 e en o d d
Ž .disjoint union , where  is the set of all  such that the entries ofe en
Ž . satisfy i of the above and  is the set of all  such that theo d d
Ž .entries of  satisfy ii of the above.
Applying our results in Lemmas 8.18.6, we have the following.
PROPOSITION 8.7. Let e be square and let p be an odd prime. Then
Ž . Ž .i if gcd e, p  1, then
g g
r r r1 r1'2  e p  p  1 p  1  p ,Ž . g ž / ž /ž / ž /p p
r'Ž . Ž . Ž .  Ž . ii if gcd e, p  p, gcd g, p  1, then  e p  1, g
r r'Ž . Ž . Ž .  Ž . iii if gcd e, p  p, gcd g, p  p, then  e p  p , g
Ž . Ž .iv if   b is odd , theng o d d
r r1'Ž .  Ž . iva  2 e  2 , if e is odd, g
r'Ž .  Ž . ivb  2 e  0, if g is odd and e is een, g
r r'Ž .  Ž . ivc  2 e  2 , if both g and e are een, g
Ž . Ž  .v if   b and c are een, 2 b , theng e en
r'Ž .  Ž . va  2 e  4, if e is een, g
'Ž .  Ž . vb  2 e  3, if e is odd, g
r'Ž .  Ž .  Ž .vc  2 e  0, if e is odd and g  1, 3, 5 mod 8 , g
r'Ž .  Ž .  Ž .vd  2 e  4, if e is odd and g  7 mod 8 . g
 r r' 'Ž Ž ..9. THE CARDINALITY OF   e p , e p , II 0
The purpose of this section is to determine necessary and sufficient
r'Ž . Ž .conditions so that under such conditions the cardinality of  e p' 'Ž Ž .. w  e , e is determined by g and e rather than  . Our resultsg 0
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can be found in Lemmas 9.19.8. Throughout the section, we shall assume
that
   .g e en o d d
Let
 ' '' ' ' 'a g b e  g a g b e  g
 , 
  ,g ' 'ž / ž /' ' ' 'c e  g a g c e  g a g
' 'Ž .where  
 w  e , e .g g 0
LEMMA 9.1. Let e be square free and let p be an odd prime. Then
r r' ' Ž .   Ž .  e p   e p , where  , 
 . 
 g
r' Ž . Proof. Since p is odd, by Proposition 8.7, we have  e p 
r' Ž .  e p .

LEMMA 9.2. Let e be square free and let g be an een diisor of e.
r r' '       Ž .   Ž . Then  
  0,  
   and  2 e   2 e forg e en g o d d g  

all  , 
 .g
  Proof. Since g is even, both b and b are odd. Hence  
  0,g e en
     
   . Since both b and b are odd, by Proposition 8.7,g o d d g
r r r' ' Ž .   Ž .  2 e   2 e  2 . 

LEMMA 9.3. Let e be square free and let g be a diisor of e of the
r'       Ž . form 4k 1. Then  
  0,  
   and  2 e g e en g o d d g 
r' Ž .  2 e for all  , 
 .
 g
Proof. If both b and c are even, then
a2 g  1 mod 4 .Ž .
As a consequence, g is of the form 4k 3. This is a contradiction. By
Lemma B.5, we may assume that b is odd. Similarly, we may assume that
       b is odd. Hence  
  0,  
   . Since both b and bg e en g o d d g
r r' ' Ž .   Ž . are odd, applying Proposition 8.7, we have  2 e   2 e . 

LEMMA 9.4. Let e be een and square free and let g be a diisor
     of e of the form 8k 3. Then  
  0,  
   , andg e en g o d d g
r r' ' Ž .   Ž .  2 e   2 e for all  , 
 . 
 g
Proof. Suppose that both b and c are even. Since e is even,
a2 g  1 mod 8 .Ž .
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As a consequence, g is of the form 8k 7. This is a contradiction. By
Lemma B.5, we may assume that b is odd. Similarly, we may assume that
       b is odd. Hence  
  0,  
   . Since both b and bg e en g o d d g
r r' ' Ž .   Ž . are odd, applying Proposition 8.7, we have  2 e   2 e . 

LEMMA 9.5. Let e be odd and square free and let g be a diisor of e
of the form 8k 3. Suppose that
Ž .i  , 
 
 , org e en
Ž .ii  , 
 
 .g o d d
r r' ' Ž .   Ž . Then  2 e   2 e . 

Proof. The lemma follows by applying Proposition 8.7.
Similar to Lemma 9.5, we have the following lemma.
LEMMA 9.6. Let e be odd and square free and let g be a diisor of e
of the form 8k 7. Suppose that
Ž .i  , 
 
 , org e en
Ž .ii  , 
 
 .g o d d
r r' ' Ž .   Ž .     Then  2 e   2 e . Furthermore,  
   
 . 
 e en g o d d g
r r' ' Ž .   Ž . Proof. By Proposition 8.7,  2 e   2 e . 

   By Lemmas B.7,  
 	  
 . For any  , 
 
 ,e en g o d d g o d d g
Ž .by Lemma B.6, the 2, 1 -entries of  and 
 are multiples of 4. Let
2 0  .ž /0 1
1 1 ' 'Ž .By Lemma B.8,   , 
  w  e , e are not conjugate to eachg 0
Ž . ² 1: ² 1:other. Since g  3 g is of the form 8k 7 ,   and 
 are
maximal cyclic. Hence  1 and 
1 are elliptic of order 2. Conse-
1 1  quently,   , 
  
 . This implies that  
 e en g e en g
  
 . This completes the proof of the lemma.o d d g
LEMMA 9.7. Let e be een and square free and let g be a diisor of e
of the form 8k 7. Suppose that
Ž .i  , 
 
 , org e en
Ž .ii  , 
 
 .g o d d
r r' ' Ž .   Ž . Then  2 e   2 e . 

Proof. The lemma follows by applying Proposition 8.7.
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By Lemmas 9.19.7, we have
PROPOSITION 9.8. Let e be square free and let g be a diisor of e.
r' Ž . Suppose that  , 
 
 or  , 
 
 . Then  e p e en g o d d g 
r' Ž .  e p . Furthermore,

Ž .    i if g is of the form 2k, 4k 1, then  
  0,  
e en g o d d g
   ,g
Ž .  ii if 2  e and g is of the form 8k 3, then  
  0,e en g
    
   ,o d d g g
Ž .   iii if e is odd and g is of the form 8k 7, then  
  e en g o d d
  
   2.g g
   Remark. The cardinality of  
 and  
 are given ine en g o d d g
Proposition 9.8 except for
Ž .i e is odd and g is a divisor of e of the form 8k 3,
Ž .ii e is even and g is a divisor of e of the form 8k 7.
10. THE MAIN RESULTS
Let
'' 'a g b e  g
  .g 'ž /' 'c e  g a g
r' Ž . Let p be an odd prime. Applying Lemma 9.1, we have  e p 
r' Ž .  e p for all  , 
 . Consequently,
 g
r r' ' e p  g  e p ,Ž .Ž . Ž .Ý  2  g
 g
  Ž .where   ,   g . In the case p 2, applying Proposition 9.8,g g g 2
we have
r r' ' 2 e   2 e ,Ž . Ž . 

if  , 
 
 or  , 
 
 . As a consequence,o d d g e en g
r r r' ' '    2 e   
  2 e   
  2 e ,Ž . Ž . Ž .Ý  o d d g  e en g g g1 2
 g
where  
 
 and   
 .g o d d g g e en g1 2
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Applying the above results, we have
m ri ' Ž . PROPOSITION 10.1. Let NŁ p . Then Ý  e N is gien byi1 i  
m m
r ri i' '     
  e p   
  e p .Ž . Ž .Ý Ł Ło d d g  i e en g  ig gž /1 2i1 i1ge
m ri'Ž Ž .  Ž . .In particular, if N is odd, then Ý  g Ł  e p .g  e 2 i1  ig1
THEOREM 10.2. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
  ' ' ' ' ' 'Ž Ž .. Ž Ž .. Ž Ž ..  e , e   e , e  0, then   e N, e N   .4 0 6 0 2 0
Ž .Proof. The theorem follows by applying i of Lemma 4.4 and Proposi-
tion 10.1.
THEOREM 10.3. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
 ' ' ' 'Ž Ž .. Ž Ž ..  e , e  1, then   e N, e N is gien by4 0 2 0
m m
r 1 r 1i i' ' g  e p  2  e p  2 	 ,Ž . Ž . Ž .Ý Ł Ł2  i  i 4g 1
i1 i1ge
where 	 	 1 and 	  1 if and only if 2 n and all the prime diisors of n24 4
are of the form 4k 1.
Proof. Since 2 e and all the divisors of e2 are of the form 4k 1, by
Ž . Ž .i and ii of Proposition 9.8,
r ri i' ' e p   e pŽ . Ž . i 
 i
for all  , 
 . Henceg
m m
r ri i' ' e p  g  e p .Ž .Ž . Ž .Ý Ł Ł i 2  i
i1 i1 g
Let  be an element of order 4; the characteristic polynomial of  is
2 2' ' ' ' 'Ž . Ž .x  2 x 1. As a consequence,  w  e , e and    e , e .2 0 0
Let
'a b e ' '    e , e .Ž .1 0ž /'c e a
It follows that
r ri i' '2 e p   e p .Ž . Ž . i  i1
Ž .The theorem now follows by applying ii of Lemma 4.4 and Proposi-
tion 10.1.
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THEOREM 10.4. Let n eN 2, where e is square free and NŁm pri. Ifi1 i
 ' 'Ž Ž ..  e , e  1, then6 0
m
 1 r 1i' ' '  e N , e N   3  e p  3 	 ,Ž . Ž .Ž . Ł2 0  i 6g
i1
where 	 	 1 and 	  1 if and only if 3 n and all the prime diisors of n36 6
are of the form 3k 1.
Proof. Let u be an element of order 6. The characteristic polynomial of
u is
2 'x  3 x 1.
' 'Ž .As a consequence, u w  e , e . It follows that3 0
r ri i' '3 e p   e p .Ž . Ž .u i  i3
Ž .The theorem now follows by applying iii of Lemma 4.4 and Proposi-
tion 10.1.
Let e be square free and let
' '  g    
 w  e , e .Ž . Ž .2 g g 0
Ž .   g is completely determined by Maclachlan Mac . As a consequence,2
    
 and  
e en g o d d g
Ž .see Proposition 9.8 are completely determined in terms of  if e,g
where  is the set of all square free integers e such that
Ž .i if e is odd, then e admits no divisors of the form 8k 3,
Ž .ii if e is even, then e admits no divisors of the form 8k 7.
This enables us to state our main result of this article.
MAIN THEOREM. Let n eN 2, where N is odd or e. Then
  ' '  n   e N , e NŽ .Ž . Ž .Ž .2 0 2 0
is known.
Proof. If N is odd, then
m
ri'  g  e p .Ž . Ž .Ý Ł2  igž /1i1ge
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Ž Ž ..Applying Theorems 10.2, 10.3, and 10.4,   n can be determined. In2 0
   the case N is even, since e, both  
 and  
 aree en g o d d g
Ž Ž ..known. Applying Theorems 10.2, 10.3, and 10.4,   n can be deter-2 0
mined.
11. APPLICATION
 ' 'Ž Ž .We shall give a complete study of   e N, e N , where e 1, 2, 3,2 0
 ' 'Ž . Ž .or 5. Note that  e N, e N e 1, 2, or 3 is a subgroup of the triangle0
 ' 'Ž . Ž . Ž .group  e , e   e e 1, 2, or 3 . Recall that  is a complete set0 0
 ' 'Ž .of representatives of elliptic classes of period 2 of  e , e .0
Ž Ž 2 ..11.1. In This Subsection, We Gie Formulas of   N2 0
Ž 2 . Ž . Ž . Ž . Ž . N   N, N 	  1, 1  PSL  . As PSL  is a triangle0 0 0 2 2
Ž .group with signature 2, 3, , every elliptic element of order 2 is a
conjugate of T , where
0 1T .ž /1 0
 4 r m riHence  T . Let N 2 Ł p . By Theorem 10.2,i1 i
m
r r i   2  p .Ž . Ž .Ł2 T T i
i1
Applying Proposition 8.7, we have
Ž .  Ž r .  r1 Ž .i  2  2 r 1 ,T
Ž .ii if p is an odd prime, then
1 1
r r r1 r12  p  p  1 p  1  p .Ž .T ž / ž /ž / ž /p p
The following theorem is clear.
r m ri Ž . Ž 2 .THEOREM 11.1. Let N 2 Ł p r 0 . The signature of  N isi1 i 0
gien in the following.
Ž . Ž Ž 2 .. Ž Ž 2 ..i   N   N  0,4 0 6 0
Ž . Ž Ž .. Ž Ž .. dii   N   N 2 , if 4 is not an exact diisor of N, 0  -
Ž . Ž Ž .. Ž Ž .. 2diii   N   N4 2 , if 4 is an exact diisor of N, 0  0
Ž . Ž Ž 2 .. Ž Ž 2 ..iv   N 	 1 for all N and   N  1 if and only if all3 0 3 0
the prime diisors of N are congruent to 1 modulo 3,
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1 1 2 m r r 1i iŽ . Ž Ž . Ž Ž Ž .. Ž Ž ..v   N  a2 Ł p  1  p  1  2 0 i ip pi i
r i1 . r1p , where a 1 if r 0 and a 2 if r 1.i
 ' 'Ž .11.2. In This Subsection, We Assume That G is a Subgroup of  2 , 20
 ' 'Ž . Ž .Since  2 , 2 is a triangle group with signature 2, 4, , the possible0
periods of elliptic classes are 2 and 4 and that
 4 T .
Furthermore, every element of order 2 is conjugate to either T or  2,
where
0 10 1T ,  .ž / 'ž /1 0 1 2
Let N 2 rŁm pri. By Theorem 10.3,i1 i
m m
r r 1 r ri i' ' ' '2 2   2 2  2 p  2  2 2  2 pŽ . Ž .Ž . Ž .Ł Ł2 T T i   i
i1 i1
 21	 .4
Ž  .Applying Proposition 8.7 and results of Akbas and Singerman for  ,
we have the following.
Let p be an odd prime. Then
1r'Ž .  Ž .  Ž .i 2  2 p  1 , p
1 1r r r1 r1'Ž .  Ž .  Ž Ž .. Ž Ž ..2ii 2  2 p  p  1 p  1  p , p p
2 2r r r1 r1'Ž .  Ž .  Ž Ž .. Ž Ž ..iii 2  2 p  p  1 p  1  p ,T p p
r r r r' ' 'Ž .  Ž .   Ž .   Ž .  Ž .2iv  2 2  2 ,  2 2   2 2  0 r 1 .T  
The following theorem is clear.
THEOREM 11.2. Let N 2 rŁm pri be een. Theni1 i
2
 rm r r1' '  2 N , 2 N  2 p  1 pŽ .Ž . Ł2 0 i iž /ž /ž pi
2
r1 1  p .iž /ž / /pi
r' Ž . 2Proof. Since r 1,  2 2  	  0. Hence 4
m
r ri' '   2 2  2 p .Ž . Ž .Ł2 T T i
i1
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THEOREM 11.3. Suppose that NŁm pri is odd. If N admits a primei1 i
 ' 'Ž Ž ..diisor p of the form 4k 3, then   2 N, 2 N is gien by2 0
2 2
m r r 1 r 1i i i2 p  1 p  1  pŁ i i iž / ž /ž / ž /ž /p pi i
1 1
m1 r r 1 r 1i i i 2 p  1 p  1  p .Ł i i iž / ž /ž / ž /ž /p pi i
Proof. Since N admits a prime divisor p of the form 4k 3, 	  0.4
Hence
m m
r r 1 r ri i' ' ' '2 2   2 2  2 p  2  2 2  2 p .Ž . Ž .Ž . Ž .Ł Ł2 T T i   i
i1 i1
Ž . Ž .The theorem now is proved by applying i  iv of the above.
THEOREM 11.4. Let NŁm pri. Suppose that all the prime diisors ofi1 i
 ' 'Ž Ž ..N are of the form 4k 1. Then   2 N, 2 N is gien by2 0
2 2
m r r 1 r 1i i i2 p  1 p  1  pŁ i i iž / ž /ž / ž /ž /p pi i
1 1
m1 r r 1 r 1i i i 2 p  1 p  1  pŁ i i iž / ž /ž / ž /ž /p pi i
 12.
Proof. Since all the prime divisors of N are of the form 4k 1, 	  1.4
Hence
m
r ri' '   2 2  2 pŽ . Ž .Ł2 T T i
i1
m
1 r r 1i' '2 2 2  2 2  2 p  2 .Ž . Ž .Ł  i
i1
Ž . Ž .The theorem now is proved by applying i  iv of the above.
Let N be given as in Theorems 11.2, 11.3, and 11.4. It is clear that the
Ž 2 .signature of  2 N can be determined by applying Hurwitz formula and0
the above formulas. In particular,
g  22 r1  1 22 r3 2 r1 2 r2 .Ž .Ž .0
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 ' 'Ž .11.3. In This Subsection, We Assume That G is a Subgroup of  3 , 30
 ' 'Ž . Ž .Since  3 , 3 is a triangle group with signature 2, 6, , the possible0
periods of elliptic classes are 2, 3, and 6 and that
 4 T .
Furthermore, every element of order 2 is conjugate to either T or u3,
where
0 1
u .'ž /1 3
Let N 2 r3 sŁm pri. By Theorem 10.4,  is given byi1 i 2
m
r s r i' ' ' 2 3  3 3  3 pŽ . Ž . Ž .ŁT T T i
i1
m
1 r s r 1i' ' '3 3 3 3  2 3  3 3  3 p  3 	 .Ž . Ž . Ž .Łu u u i 6
i1
Ž  .Applying Proposition 8.7 and results of Akbas and Singerman for  , weu
have:
r r1'Ž .  Ž . i  2 3  2 .T
r' 'Ž .  Ž ..   Ž . ii  3  1. If r 1, then  2 3  0.u u
r' 'Ž .  Ž .   Ž . 3 3iii  2 3  3. If r 2, then  2 3  0.u u
r r r' 'Ž .  Ž .   Ž . 3iv Suppose that r  1. Then  3 3   3 3  3 ,T u
r' Ž .  3 3  0.u
Ž .v Let p 2, 3 be a prime. Then
r r' '32  3 p  2  3 pŽ . Ž .T u
3 3
r r1 r1 p  1 p  1  p .ž / ž /ž / ž /p p
THEOREM 11.5. Suppose that 2 is an exact diisor of N 2.3rŁm pri.i1 i
 ' 'Ž Ž ..Then   3 N, 3 N is gien by2 0
3 3
m r r r 1 r 1i i i2 3 p  1 p  1  pŁ i i iž / ž /ž / ž /ž /p pi i
3 3
m r r r 1 r 1i i i 2 3 p  1 p  1  p .Ł i i iž / ž /ž / ž /ž /p pi i
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Proof. Since N is a multiple of 2, 	  0. Hence  is given by6 2
m m
s r 1 s ri i' ' ' '3 3 3 3  3 p  3  3  3 3  3 p .Ž . Ž .Ž . Ž .Ł ŁT T i u u i
i1 i1
Ž . Ž .The theorem now is proved by applying i  vi of the above.
Similar to Theorem 11.5, we have the following:
r m r i 'Ž ŽTHEOREM 11.6. Let N 2 Ł p , where r 2. Then   3 N,i1 i 2 0' ..3 N is gien by
3 3
rm1 r r 1 r 1i i i2 p  1 p  1  p .Ł i i iž / ž /ž / ž /ž /p pi i
r m ri Ž .THEOREM 11.7. Suppose that N 3 Ł p r 1 is odd and that Ni1 i
 ' 'Ž Ž ..admits a prime diisor of the form 3k 2. Then   3 N, 3 N is gien2 0
by
3 3
m r r r 1 r 1i i i2 3 p  1 p  1  pŁ i i iž / ž /ž / ž /ž /p pi i
3 3
m r1 r r 1 r 1i i i 2 3 p  1 p  1  p .Ł i i iž / ž /ž / ž /ž /p pi i
THEOREM 11.8. Suppose that all the prime diisors of N are the form
3k 1. Then
m r r 1i i' '  3 N , 3 N  2 p  p  2Ž . Ž .Ž . Ł2 0 i i
 31 2m pri pri1  2  13.Ž .Ł i i
Applying the Hurwitz formula, we have
Ž Ž 2 r1.. 2 r1 r1 r1COROLLARY 11.9. g  3  1 3 2 3 4 3 4.0
11.4. In This Subsection, We Assume That e 5
m ri Ž . Ž .  Let NŁ p . Note first that  1  1 and  5  2 Mac . Apply-i1 i 2 2
ing Theorem 10.2, we conclude that
 r ri i' ' ' '  5 N , 5 N   5 p  2  5 p ,Ž . Ž . Ž .Ž . Ł Ł2 0  i  i1 5
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Ž .where Proposition 8.7
Ž .i if p 5, 2, then
1 1
r r r1 r1'2  5 p  p  1 p  1  p ,Ž .1 ž / ž /ž / ž /p p
5 5
r r r1 r1'2  5 p  p  1 p  1  p ;Ž .5 ž / ž /ž / ž /p p
r r r' 'Ž .  Ž .   Ž . ii  5 5  1,  5 5  5 ; 1 5
r r r1' 'Ž .  Ž .   Ž . iii  2 5   2 5  2 . 1 5
Note that
' '2 5 5 1
  ,   .1 5ž / ž /' '5 2 6  5
11.5. Examples
 ' 'Ž . Ž Ž ..  4i e 7. Then   7 , 7  2 and  T ,  , where2 0
'7 2
 .ž /'4  7
Applying Theorem 10.2 and Proposition 8.7, we have
 2 r r r r1' '  7.2   2 7   2 7  2  4.Ž . Ž . Ž .Ž .2 0 T 
Note that T 
 and  
 .o d d 7 e en 7
 ' 'Ž . Ž Ž ..      ii e 14. Then   14 , 14  4,     2,  
2 0 14 7 o d d 14
   4  4 2,  
  0,  
   ,  
  
 , wheree en 14 o d d 7 e en 7
' ' ' '7  2 7 2 2
 , 
 .ž / ž /' ' ' '4 2  7 2 2  7
Applying Theorem 10.2 and Proposition 8.7, we have
 2 r r r r' ' '  14.2  2  2 14   2 14   2 14Ž . Ž . Ž . Ž .Ž .2 0 T  

 2.2 r 0 4.
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12. CONJECTURE
Ž Ž 2 ..The study of   eN can be completed if the cardinality of2 0
 
 and  
 ,o d d g e en g
Ž .where e, can be obtained see Section 10, Main Theorem . Applying
the lemmas in Appendix B, we have the following.
LEMMA 12.1. Let e be odd and square free and let g be a diisor of e
of the form 8k 3. Then
    
   
 .o d d g e en g
   Proof. By Lemma B.7,  
   
 .o d d g e en g
LEMMA 12.2. Let e be een and square free and let g be a diisor of
e of the form 8k 7. Then
    
 	  
 .o d d g e en g
   Proof. By Lemma B.8,  
 	  
 .o d d g e en g
Conjecture. Suppose that 3  e. As most of our numerical exam-
ples suggested, we conjecture that
    
   
  2.o d d g e en g g
APPENDIX A
Let e be square free and let
1' 'e N 0 e N 0  2' ' e N , e N   eN .Ž .Ž .0 0ž / ž /0 1 0 1
 ' ' ' 'Ž . Ž .It is clear that  e N, e N is a subgroup of  e , e .0 0
LEMMA A.1. Suppose that p is not a prime diisor of e. Then a complete
set of coset representaties of
 r r' ' ' ' e , e   e p , e p , w : g  e¦ ;Ž . Ž .0 0 g
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is gien by
2'' xsp e x spne 11 xn e
 U  , V  ,m n sn2½ 5ž / ž /' 'xm e x mne 1 1 xn e
where 0	m, n	 pr 1, 0	 s	 pr1 1 and x is any integer such that
Ž .gcd x, ep  1.
r r' '² Ž . :Proof. Let D  e p , e p , w : g  e . It is clear that for any0 g
 ' '   Ž .  , 
, D 
D if and only if  
. Since    e , e D ,0
we conclude that  gives a complete set of coset representatives of
 ' 'Ž . e , e D.0
Similar to Lemma A.1, we have the following:
LEMMA A.2. Suppose that p is a prime diisor of e. Then a complete set of
  r r' ' ' 'Ž . Ž .coset representaties of  e , e  e p , e p is gien by0 0
'1 xn e
U  ,m n 2½ 5ž /'xm e x mne 1
r Ž .where 0	m, n	 p  1, and x is any integer such that gcd x, e  1.
It is clear that U and V in Lemmas A.1 and A.2 are elementsm n sn
 ' ' 'Ž . Ž . Žof  e x, e x . Hence for each N such that gcd N, p  1,  e ,0 0
 r r' ' '. Ž .  4e  e p , e p admits a coset representative x such that x 0 i i
 ' 'Ž . e N, e N . As a consequence, we have the following results.0
 ' 'Ž . Ž .THEOREM A.3. Suppose that gcd eM, N  1. Then  e MN, e MN0
 ' ' ' 'Ž . Ž .  e M, e M 
  e N, e N . Furthermore,0 0
 ' ' ' 'Ž . Ž . Ž .i  e , e  e M, e M admits a set of coset representaties0 0
  ' ' ' ' ' ' Ž . Ž . Ž .x : x   e N, e N , and  e , e  e N, e N admits a set ofi i 0 0 0
 ' ' Ž .4coset representaties y : y   e M, e M ,j j 0
 ' ' 'Ž .  4 Ž . Žii x y is a set of coset representaties of  e , e  e MN,i j 0 0' .e MN .
Ž .  4  4Note that if gcd eM, N  1, then the coset representatives x , y ,i j
 4and x y in Theorem A.3 satisfy the assumption of Lemma 4.2.i j
APPENDIX B
1 1 Ž .As the determinant of U U and V V is 1 Section 6 , a simplem n m n sn sn
Ž . Ž .study of the 2, 1 and 2, 2 entries of the above matrices gives us the
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following:
1 Ž . 2LEMMA B.1. In the matrix U U Section 6 , if c 2 amgm eb ism n m n
a multiple of p, then agmeb is not a multiple of p.
1 Ž . 2 2LEMMA B.2. In the matrix V V Section 6 , if cs p e 2 aspg b issn sn
a multiple of p, then spce ag is not a multiple of p.
Ž .The following 3 lemmas give us suitable representatives of Cl  that
  Ž .enable us to determine  see Section 8 .
' 'Ž .LEMMA B.3. Let p be an odd prime and let  w  e , e be ang 0
Ž .inolution. Then Cl  admits an element
'' 'a g b e  g
'ž /' 'c e  g a g
Ž .such that gcd b, p  1.
Proof. Let
'' 'a g b e  g
 .'ž /' 'c e  g a g
Direct calculation shows that
' ' c e  g1T T ž / 
and
1 ' ' b 2 ag ce e  gŽ .' '1 e 1 e
  .ž / ž / 'ž /0 1 0 1 'c e  g 
Suppose that both b and c are multiples of p. Since a2 g bceg 1,
Ž . Ž .gcd ag, p  1. Hence gcd p, b 2 ag ce  1. This completes the proof
of the lemma.
Similar to the above, we have the following:
' 'Ž .LEMMA B.4. Let p be an odd prime and let  w  e , e be ang 0
Ž .inolution. Then Cl  admits an element
'' 'a g b e  g
'ž /' 'c e  g a g
Ž .such that gcd c, p  1.
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' 'Ž .LEMMA B.5. Suppose that e is square free. Let  w  e , e be ang 0
Ž .inolution. Then Cl  admits an element
'' 'a g b e  g
'ž /' 'c e  g a g
such that
Ž .i both b and c are een and 2 is an exact diisor of b, or
Ž .ii b is odd.
Ž .In the case e is een, Cl  admits an element
'' 'a g b e  g
'ž /' 'c e  g a g
such that
Ž . i 2 b and 4  c, or
Ž .ii b is odd.
Proof. Let
'' 'a g b e  g
 .'ž /' 'c e  g a g
 ' 'Ž .Suppose that either b or c is odd. Conjugate  by T  e , e if0
necessary; we may assume that b is odd. Suppose that both b and c are
even. If both b and c are multiples of 4, direct calculation gives
1 '' 'a ceg g b 2 ag ce e  gŽ . Ž .' '1 e 1 e
  .ž / ž / 'ž /0 1 0 1 'c e  g 
Ž .It is clear that b 2 ag ce is not a multiple of 4 ag is odd .
In the case e is even, suppose that 2 is an exact divisor of both b and c.
Direct calculation gives
1 '' 'a beg g b e  gŽ .1 0 1 0
  .' 'ž / ž /e 1 e 1 'ž /'2 ag c be e  g Ž .
Since e is even and 2 is an exact divisor of b and c, 2 ag c be is a
multiple of 4. This completes the proof of the lemma.
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LEMMA B.6. Let e be odd and square free and let g be a diisor of e
Ž .of the form 4k 3. Suppose that  . Then Cl  admits an elemento d d
'' 'a g b e  g
'ž /' 'c e  g a g
such that a is odd and c is a multiple of 4.
Proof. Suppose that a is even. It follows that bc is odd. Hence
a beg is odd. Since
1
1 0 1 0
' 'ž / ž /e 1 e 1
'' 'a beg g b e  gŽ .
  Cl  ,Ž .'ž /'2 ag c be e  g Ž .
replace  by the above matrix if necessary, and we may assume that a is
odd. Since ae is odd, g is of the form 4k 3, and it follows that c is a
multiple of 4.
LEMMA B.7. Let e be odd and square free and let g be a diisor of e,
' '' ' ' 'a g b e  g a g b e  g1 1 2 2   , 
  .' 'ž / ž /' ' ' 'c e  g a g c e  g a g1 1 2 2
   Suppose that a and a are odd, 2 b , 2 b , 2  c , 2  c . If  and 
 are not1 2 1 2 1 2
 ' 'Ž .conjugate to each other in  e , e , then0
'' 'a g b e 2 g1 1
 and'ž /' '2c e  g a g1 1
'' 'a g b e 2 g2 2

 'ž /' '2c e  g a g2 2
 ' 'Ž .are not conjugate to each other in  e , e .0
Proof. Suppose that  and 
 are conjugate to each other. Then there
exists
' ' 'x u y e  u  ' '   e , eŽ .0ž /' ' 'z e  u w u
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such that 1  
. Direct calculation shows that
 
2 2 ' '2 a zwg 2c w u b ez 2u e  g ž /Ž .1 1 1
'' 'a g b e  g2 2 .'ž /' '2c e  g a g2 2
Since 2 a zwg 2c w2 u b ez 22 u 2c is even, b ez 22 u is even.1 1 1 2 1
Since eu is odd, 2 b , we conclude that z is even. Let1
12 02 0   .ž / ž /0 1 0 1
   1  ' 'Ž .It follows that    e , e and     
 . This is a contradiction.0
LEMMA B.8. Let e be square free and let g be a diisor of e of the
form 8k 7.
' '' ' ' 'a g b e  g a g b e  g1 1 2 2   , 
  .' 'ž / ž /' ' ' 'c e  g a g c e  g a g1 1 2 2
   Suppose that a and a are odd, 2 b , 2 b , 2  c , 2  c . If  and 
 are1 2 1 2 1 2
 ' 'Ž .conjugate to each other in  e , e , then0
'' 'a g b e 2 g1 1
 and'ž /' '2c e  g a g1 1
'' 'a g b e 2 g2 2

 'ž /' '2c e  g a g2 2
 ' 'Ž .are conjugate to each other in  e , e .0
Proof. Suppose that   and 
 are conjugate to each other. Then there
exists
' ' 'x u y e  u  ' '    e , eŽ .0ž /' ' 'z e  u w u
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such that    1 
. Direct calculation shows that
2 2 ' ' 2 a xyg c y eu b x u e  gŽ .1 1 1ž / 
'' 'a g b e  g2 2 .'ž /' 'c e  g a g2 2
Since 2 is an exact divisor of b , 2 is an exact divisor 2 a xyg c y2eu2 1 1
 b x 2 u.1
Suppose that e is odd. Since g is of the form 8k 7 and e is odd, c is a1
multiple of 4. As a consequence, x is odd and y is even. Let
12 0 2 0  .ž /ž / 0 10 1
 1' 'Ž .It follows that   e , e and   
.0
Suppose that e is even. By Lemma B.5, we may assume that c is a1
multiple of 4. It follows that x is odd and y is even. Similar to the above,
1  
.
APPENDIX C
 Note first that Sh, 1.15, 1.16
Ž .i if x and y are two elements of finite order of a discrete group
Ž .M	 PSL  such that xy yx, then x and y have the same fixed point2
in the upper half plane,
Ž .ii let z be a point of the upper half plane that is fixed by an0
element of finite order; then the fixed subgroup of z0
xM : x z  z 4Ž .0 0
is a finite cyclic group.
Ž . Ž .LEMMA C.1. Let G be a subgroup of  e  x G and let   e .0 i 0
Ž . Ž . Ž . 1 22Suppose that o   4, x  G   G . Then x  x is an elliptic 
element of order 2 of G.
Proof. Suppose that x1 2 x is not an elliptic element of G. This
 1 2 4implies that there exists some gG x  x such that
g n x1 2 x .
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Ž . 1 2By i of the above, g and x  x fix the same point in the upper half
plane. Since x1 x and x1 2 x also fix the same point, we conclude that g
1 Ž .and x  x fix the same point z . By ii of the above, the fixed group of z0 0
² :is a finite cyclic group  of order s. Hence
1 ² :g , x  x  .
Ž 1 . Ž . Ž .As o x  x  4, o  is a multiple of 4. Since   e , we conclude0
that s 4. As a consequence g x1 1 x. Since gG, we have x1 x
Ž .2G. This is a contradiction x    . 
Similar to the above, we have the following:
Ž . Ž .LEMMA C.2. Let G be a subgroup of  e  x G and let   e .0 i 0
Ž . Ž . Ž . 1 33Suppose that o   6, x  G   G . Then x  x is an elliptic 
element of order 2 of G.
Note that the above lemmas are special cases of the following proposi-
tion.
PROPOSITION C.3. Let G be a subgroup of a discrete group M x Gi
Ž . Ž .	 PSL  , and let M. Suppose that o   n. Let2
x  d G   f G ,Ž . Ž . 
1	fd , fd
where d  n. Then x1 d x is an elliptic element of order nd of G.
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